arXiv:1508.05585vl [math-ph] 23 Aug 2015 


KMS-like Properties of Local Equilibrium States 
in Quantum Field Theory 


Michael Gransee^’^, Nicola Pinamonti^’^, and Rainer VerclL 


^MPI fiir Mathematik in den Naturwissenschaften, O^IOS Leipzig, Germany 
Dipartimento di Matematiea, Universitd di Genova, I6I46 Genova, Italy 
^INFN, Sezione di Genova, I 6 I 46 Genova, Italy 
^Institut fiir Theoretische Physik, Universitdt Leipzig, 04103 Leipzig, Germany 


Abstract 

A new condition, called “Local KMS Condition”, characterizing states of a quantum field 
to which one can ascribe, at a given spacetime point, a temperature, is introduced in this 
article. It will be shown that the Local KMS Condition (LKMS condition) is equivalent to the 
Local Thermal Equilibrium (LTE) condition, proposed previously by Buchholz, Ojima and 
Roos, for states of the quantized scalar Klein-Gordon field that fulfill the analytic microlocal 
spectrum condition. Therefore, known examples of states fulfilling the LTE condition provide 
examples of states obeying the LKMS condition with a temperature distribution varying in 
space and time. The results extend to the generalized cases of mixed-temperature LKMS 
and LTE states. The LKMS condition therefore provides a promising generalization of the 
KMS condition, which characterizes global thermal equilibrium states with respect to an 
inertial time evolution, to states which are globally out of equilibrium but still possess a 
local temperature distribution. 


1 Introduction 


In quantum field theory as well as in quantum statistical mechanics, the characterization of 
states which have a temperatnre distribution varying in space and time has proved notoriously 
difficult, in particnlar within model-independent frameworks. Already the initial step, consisting 
of a definition of “temperatnre” of the system at any spacetime point is a non-trivial step. While 
the KMS (Knbo-Martin-Schwinger) condition serves as both a snfficiently general and suitably 
restrictive condition of global thermal equilibrium states (in the sense of generalized Gibbs 
ensembles) for a large class of systems in quantnm statistical mechanics and quantum field 
theory |Emcl4 , Haa92 a likewise universal concept of “local” temperature for such systems does 
not appear to be at hand. This problem apparently not only besets non-equilibrium situations 
in (relativistic) quantum field theory, or in qnantum systems as such; it is known that, for a wide 
range of physical systems, there does not seem to exist a universal concept of temperature when 
the systems are not in thermal eqnilibrium. We refer to the review [CVJ03 for considerable 
further discussion on this topic. 

One generalization of the KMS condition, the “non-equilibrium steady states”, has been 
proposed by D. Ruelle RneOO ; this class of states corresponds to a medium (described in 
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terms of a generic quantum system) coupled to several heat reservoirs at possibly different 
temperatures which thereby can attain a temperature distribution that may vary in space, but 
remains constant in time. 

Another approach towards a local temperature concept, intended particularly for application 
in relativistic quantum field theory, has been proposed by Buchholz, Ojima and Roos BOR02 


The basic idea here is to introduce sets Sq of thermal observables of a quantum field theory 
at any spacetime point q and to compare the expectation values of the thermal observables 
in a given state with the expectation values of the thermal observables in a global thermal 
equilibrium state (characterized as a KMS state). The better the coincidence of the expectation 
values in the thermal observables, the closer the given state is to a thermal equilibrium state 
at spacetime point q, and may therefore be assigned a temperature at g — the temperature of 
the thermal equilibrium state admitting best coincidence of expectation values. We will give a 
more precise summary of the “local thermal equilibrium” (LTE) state concept in Sec. 2. Let us 
remark here that the LTE state concept has some promising features which have been explored 
in some publications, cf. [Buc03 , BS13, SV08, Bah06, SollO Soll2 Verl2 . There are, however, 
some drawbacks. One possible drawback is that the concept of LTE states very much depends 

While |BOR02 give very good arguments for their choice 

Moreover, 

BOR02 does not appear to be related to the time-evolution of the 


on how the set Sq has been chosen. 

of Sq, it is not clear that this is the only reasonable choice which could be made. 


the definition of Sq of 

quantum field under consideration, while in contrast, the KMS condition refers explicitly to the 
time-evolution, and time-like correlations of quantum field observables. That is to say, the LTE 
concept does not appear as a local generalization of the KMS condition — the relation to the 
KMS condition is somewhat indirect through the use of local thermal observables Sq and global 
thermal equilibrium states of the system for comparison. 

In the present article, we will propose a new class of states, called “local KMS” (LKMS) 
states for the linear, scalar Klein-Gordon field on Minkowski spacetime. This class of states 
is characterized by a local generalization of the KMS condition,at any spacetime point q, at 
the level of the 2-point functions of the states. We will soon give a somewhat more detailed 
sketch of the LKMS condition to explain to what extent they generalize the KMS condition in 
a “local” sense. Yet, running somewhat ahead, let us already mention that the main result of 
this article will consist in showing that, under certain conditions on the states considered, the 
LKMS condition and the LTE condition are equivalent. 

In order to describe the LKMS condition in more technical terms — full details and proofs 
will be given in the main body of the text — let us suppose that </>(/), where / denotes test- 
functions of Schwartz type, are the quantum field operators of the scalar Klein-Gordon field 
on 4-dimensional Minkowski spacetime. (Basically everything can readily be generalized to d- 
dimensional Minkowski spacetime with d > 4 upon making some suitable adaptations.) The field 
operators can be taken to be given in the vacuum representation on their standard Wightman 
domain; alternatively, they could also be regarded as elements of a *-algebra (e.g. the Borchers- 
Uhlmann algebra), initially without a concrete Hilbert space representation. The latter point 
of view is implicitly adopted when considering expectation values of field operator products in 
KMS states. Then one can consider a timelike, future-directed, normalized direction vector e 
of Minkowski spacetime, and we take as the KMS-state with respect to the time-direction 
specified by e, at inverse temperature (5. In particular, this implies that the 2-point correlation 
function t i—)■ w^^e(</>(Q' — + ^e/2)) fulfills the KMS condition. Here, we have adopted 

common practice to denote the distribution with respect to the spacetime variables q and q' as 
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if it was a function. Actually, it is an analytic function as long as q — tej2 and q' + te/2 don’t 
coincide or are lightlike related. Looking only at quantum field operators which, very formally 
speaking, are localized at the same, coinciding points q' = q, one obtains that the 2-point 
correlation t i—)> a;/3^e(0(? ~ te/2)<j){q + tel2)) fulhhs (a version of) the KMS condition. At this 
point, one must take some care in expressing the KMS condition because of the distributional 
nature of that 2-point correlation in t at t = 0; however, as we will show in the main body of 
this article, this difficulty can be overcome. 

Then, the basic idea in setting up a local version of the KMS condition that we here propose 
is to view the KMS condition fulhlled by ujj3^e{4’{q — tef2)(j){q + tef2)) with respect to t as a 
remnant of the full KMS condition at the spacetime point q, and to allow the time-direction e 
as well as the inverse temperature parameter /3 to vary with q. In other words, the idea is to say 
that a (sufficiently regular) state co fulhlls the local KMS condition at some spacetime point q 
if there are a time-direction vector e and an inverse temperature /3 > 0 such that the two-point 
correlation function oj{(j){q — te/2)(j){q + tel2)) fulhlls the same (remnant) KMS-condition with 
respect to t as does the two-point correlation function (</>('? — iG/2)(j){q + te/2)) of a proper 
KMS state u}fs,e with respect to the time-direction e at inverse temperature /3. 

It turns out that there is some leeway as to how precisely the said idea for an LKMS condition 
should be implemented. This concerns in particular the behaviour with respect to t. The initial 
thought is to try and keep the LKMS condition as local as possible in t and therefore to base 
the LKMS criterion on the values of co{4>{q — te/2)(j){q + te/2)) and its t-derivatives at t = 0. 
In this spirit, we have given a preliminary dehnition of the LKMS condition in [Verl2| in the 
following form. First, abbreviating the 2-point correlation cu^^e(</’(Q' ~ tG/2)(j){q + tef2)) of the 
KMS state with respect to time direction e and at inverse temperature /3 as 


ipq{t) = 



9 + 2 ' 


( 1 ) 


it is not difficult to observe that, as a consequence of the KMS condition, there is a function 


fq ■ S/3 = {t + ia : 0 < a < (3} ^ C 


( 2 ) 


which is dehned and analytic on the open strip 5 / 3 , and has a continuous extension to the closure 
Sp except at the boundary points with t = 0, such that 

lini (V9g(t) -/g(t-Ficr)) = 0, \mi{(pq{-t) - fq{t + ia)) ={) (3) 

CT^O g ^(3 

holds for all t G M. More precisely, the previous equations hold at the level of distributions 
with respect to the variable t. In fact, the singularities of ipq and fq at t = 0 compensate in the 
difference at the boundary of the strip S/ 3 , so that one has 

9? - fq{t + id)) = 0 , lim{(fq{-t) - fq{t + ia)) = 0 (4) 


for all n G No and for all t G M. 

In fact, this condition, appropriately interpreted at the level of distributions, together with 
the condition that ^Pq+te = for all t G M, is equivalent to the KMS-condition for the two-point 
distribution /i ,/2 e->■ u}{(p{fi) 4 >{f 2 )) with respect to the time-direction e, at inverse temperature 
/3 BR97| . The condition ipq+te = 'Pq expresses invariance of condition @ with respect to the 
time-shifts along the time-direction given by e, meaning in particular that f3 is constant along 
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this time-direction. As we wish to define a condition characterizing states having a temperature 
at a given point q in spacetime which may vary when q varies, this suggests keeping condition Q 
and dropping the condition ipq+te = ^q- Thus, we were led in [Verl2| to say that a (sufficiently 
regular) state uj fulfills the LKMS condition at the spacetime point q if there is a time direction 
vector e and and inverse temperature /3 (both possibly g-dependent) such that, upon writing 

V’g(i) = w 

there is a function fg with the properties as specified above such that 

Jim 9? lim ii’git) “ fgit + = 0 , Jim lim (V’g(-i) - fqit + icf)) = 0 (6) 

holds for all n G Nq. 

Such a variant of the LKMS condition appears attractive since it is completely intrinsic 
in the sense that is uses only properties of the 2-point correlation function of the state w in 
an infinitesimal neighbourhood of the spacetime point q, and does not require any states or 
observables (or limits thereof) for comparison of properties. Moreover, it is apparent in which 
sense it is a local remnant of the KMS condition. There is also a clear relation to the concept 
of LTE states. 

To explain that, we recall that a typical choice for the local thermal observables at a 
spacetime point q, is the collection of all balanced derivatives of the Wick-square of the quantum 
field (j) at q. We will explain this in more detail in the main body of this article. As a consequence, 
if u is an LTE state of infinite order at q, then it follows that 


dzn ■ ■ ■ dzt^n {uj{(t){q + z)ct){q - z)) - + z)(t){q - 2 :)))l 2 =o = ^ 


( 7 ) 


holds for all n G No, where z is an arbitrary spacelike vector. Assuming sufficient regularity of w, 
uj{(p{q)4>{q')) — is a jointly smooth function of the spacetime points q and q', and 

thus Q can be extended to timelike vectors z by applying a polarization formula. Since is 
a KMS state with respect to the time-direction e, 0 then implies also that w satisfies relation 
0- This shows that — up to some mathematical details which we will properly address in the 
main part of this work — LTE states of infinite order are LKMS states in the sense described 
above. 

However, we are interested to see under which conditions the LTE and LKMS conditions 
are equivalent. At this point, it matters to specify the “sufficient regularity” of the state u 
(respectively, its two-point function) alluded to before. So far, “sufficient regularity” can be 
expressed as the (implicit) assumption that w be a Hadamard state, which is equivalent to 
saying that its two-point function is of Hadamard form, or, equivalently, that it satisfies the 
microlocal spectrum condition Rad96, SVW02| . Making this assumption, one can show that 
to fulfills the LKMS condition if it fulfills the LTE condition (of infinite order) as we have 
just sketched. However, in order to obtain the reverse conclusion, it turns out that imposing 
the microlocal spectrum condition on (the two-point function of) ui is not enough. Stronger 
regularity on the two-point function of uj must be imposed, together with a somewhat stronger 
form of the remnant KMS condition expressed so far in the form of We find that, in order to 
conclude that the LKMS condition implies the LTE condition, it is sufficient that the two-point 


function of uj fulfills the analytic microlocal spectrum condition SVW02 and that the remnant 


LKMS condition is strengthened to a remnant form of the relativistic KMS condition previously 
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investigated by Bros and Buchholz BB94,BB96 . Imposing these stronger conditions, we then 


obtain as our main result the equivalence of LKMS and LTE conditions (given in versions both 
for infinite and for finite order). We will also extend the result to mixed-temperature LKMS 
and LTE states. 

As a consequence of the equivalence result, known examples of LTE states with a temperature 
distribution varying in space and time, such as the hot bang state constructed for the massless 
Klein-Gordon field in Buc03 , provide examples for LKMS states with a temperature that varies 
in space and time. Similarly, results guranteeing the existence of (varying temperature) mixed 
LTE states [SollO also pertain for mixed LKMS states, and likewise, results constraining the 
existence of LTE states [Buc03 also apply in the case of LKMS states. 

The present article is organized as follows. In Section 2, we discuss basic properties of the 
quantized Klein-Gordon field on (patches of) Minkowski spacetime, as well as properties of KMS 
states (with respect to given time-directions) and of their corresponding two-point functions. 
The LTE (local thermal equilibrium) condition for states of the quantized Klein-Gordon field 
according to |BOR02 will also be summarized. Section 3 is devoted to definition and discussion 
of our LKMS condition. This includes various characterizations of the LKMS condition and 
some results related to their analytic properties. Our main result on the equivalence of LKMS 
and LTE states, both for LTE states of hnite and infinite order, for states fulfilling the analytic 
microlocal spectrum condition, will also be presented in Section 3. In Section 4, we discuss 
the generalization of our results to the case of mixed-temperature LTE and LKMS states. The 
article will be concluded by Summary and Outlook in Section 5. Several auxiliary technical 
results appear in Appendices to the main text. 


2 Preliminaries 

We consider the quantized uncharged Klein-Gordon field on a globally hyperbolic subregion 
A4 C M of Minkowski spacetime M = M^, with Lorentzian pseudo-metric of the form rj = 
diag(-|-l, —1, —1, —1). The held 0(x) is regarded as an operator-valued distribution on the space 
T)[Ai) of test functions with compact support contained in A4, i.e. formally we have 

4 >{f) = J ^{x)f{x)dx, ( 8 ) 

The held fulhlls the Klein-Gordon equation in the sense of distributions, i.e. 

<^((n + m2)/) = 0 yfeV{M), (9) 

where □ denotes the d’Alembertian and m > 0 is the mass parameter. Furthermore, 4){x) is 
regarded as hermitian, i.e. <^*(/) = <^(/), and to fulhll the Ganonical Gommutation Relations 
(CCR), expressed by 

[4'{f)A{9)] ='iE{f,g)l, f,geV(M), (10) 

where [A, B] := AB — BA denotes the commutator and E is the causal propagator, dehned as the 
difference of the advanced minus retarded fundamental solution of the Klein-Gordon equation. 
Locality (or Einstein causality) is expressed by the fact that E{f,g) = 0 whenever f,gG 
have mutually spacelike separated supports. The algebra of local helds is the *-algebra A{Ad), 
generated by multiples of 1 and hnite sums as well as products of the held operators. If AI = M 
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the algebra of observables ^(M) is stable under the the action of the proper, orthochronous 
Poincare group V\_, implemented on the field operators by 

T{A,a){Hf)) = (H) 

where f(A,a){x) = — a)). If Af C M this holds for all (A, a) in a neighbourhood of the 

' 1 ' 

identity in V^. 

A state on A{M) is a normalized positive linear functionaj^w : A{JA) — )• C. The n-point 
“functions” of a state are distributions ojn G given by 

n G N. (12) 


It is often convenient to formally write the n-point distributions as if they were functions, 

UJnixi,...,Xn) ■=Uj{(j){xi)---(j){Xn)), n G N, (13) 


where the Xj are spacetime points. Here, we take the viewpoint of the reconstruction theorem 
|SW00| and restrict to states which are completely determined by their n-point functions n G 

N. 

We will call a quasifree state any state ui on A{M.) which is completely determined by its 
two-point function u }2 via 

(14) 




where the equation is to be interpreted as equating terms of equal order in t. 

In what follows we will restrict to so-called Hadamard states. Those are characterized by a 
specific singular behaviour of their two-point function which mimics that of w™, the two point 
function of the unique vacuum state Wvac on A,(M). Namely, for every such state io on A{M.) one 


has W 2 — w™ 


\MxM 


G C°°{M xM.), where w™ 


\MxM 


is the restriction of G P'(M^ x M^) to 


M X Al. As first recognized by Radzikowski [Rad96[ , a Hadamard state u) can be characterized 
by a certain condition on WF(a; 2 ), the wave front set [Hor90 of its two-point function 0)2 ■ We 
will call a Hadamard state a state to on A(Af) which fulfills 


WF(w 2 ) = {(x, x, k, -k) G T*Af^\{0} : x x , ko > 0}, 


(15) 


where x x' means that x and x' can be connected by the uniquely defined lightlike geodesic 
(a straight line in Af) with cotangent vector k, while the condition ko > 0 requires k to be future 
directed. A stronger form of the Hadamard condition, the so-called analytic microlocal spectrum 
condition has been given in [SVW02| . Following this, we will call an analytic Hadamard state a 
state w on A{A4) which fulfills 

WFA(a; 2 ) = {{x, x, k,-k) G r*Al^{0} : x x', ko > 0}, (16) 

where WF^(a; 2 ) denotes the analytic wavefront set [Hor90] of u) 2 - Note that in this case we have 
a ;2 — ^ x Af), where is the class of real-analytic functions. In semiclassical 

gravity Hadamard states are an indispensable tool when it comes to the regularization of states, 
since in general there is no preferred state akin to the vacuum in a generic curved spacetime. In 
particular, they play an important role in the problem of defining an appropriate quantum stress- 
energy tensor which should replace the classical one in the semiclassical Einstein equations. This 

A{M) carries a topology, ui is also required to be continuous with respect to this topology. 
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has provided some motivation for viewing Hadamard states as physical states for the quantized 
Klein-Gordon field on curved backgrounds Wal94| . On the other hand, the characterization of 
Hadamard states in terms of conditions on the wave front set of U 2 has proved instrumental 
for quantum field theory on curved spacetimes, cf. |HW01[[HW02[[BF09[|BDH13] and references 
cited there. 

It is well-known that global thermal equilibrium states of infinitely extended quantum sys¬ 
tems can be described in a mathematically rigorous manner by means of the so-called KMS 
condition, first considered in |HHW67| (for a detailed discussion of quantum statistical mechan¬ 
ics in the operator-algebraic framework, see |BR97| ). In its usual formulation it relies on the 
existence of a one-parameter group at of automorphisms, the group of time translations. How¬ 
ever, in the setting of relativistic QFT, a Lorentz frame is fixed by the choice of a future-directed 
timelike unit vector e and the latter is interpreted as the “time-direction” of this frame. For 
later use we define the set of time-directions by 


Vl := {eGV+: = 1}, 


(17) 


where V+ denotes the open forward light cone. Then 

= Ri.te), teR, 

is the one-parameter group of time evolution on ^(M) with respect to the Lorentz frame whose 
time-direction is fixed hy e G V^. The KMS condition can now be stated as follows; 

Definition 2.1. Let e G V^. A state uj on M(M) is called a KMS state at inverse temperature 
/3 > 0 with respect to (or (/3, a^f^)-KMS state, for short), iff for any A,Bg M(M) there exists 
a function Fa^b, which is defined and analytic on the open strip 5/3 := {z G C : 0 < TIz < /?}, 
and defined and continuous on 5/3 with boundary values 

FA,B{t)=^[^(^f{B)), (18) 

FAMt + il5) = uj{a^^\B)A^ , Vt G M. (19) 

In relativistic QFT a (/3, q;/‘^^)-KMS state w is regarded as a thermal equilibrium state at 
inverse temperature fd with respect to the rest system (or Lorentz frame) specified by some 
e G Vji. Therefore thermal equilibrium states in relativistic QFT are indicated by both inverse 
temperature (d and time direction e of the rest system. It is convenient to combine the two 
quantities into the inverse temperature four-vector /3 = /3e G 17+ so that cu/g denotes a (/3, a[^^)- 
KMS state on M(M). In the following we will call ojp simply a (3-KMS state. In the present 
model we have vanishing chemical potential and can therefore assume that for any given /3 G V+ 
there is a unique (gauge-invariant) /3-KMS state on M(M), i.e. the set C /3 of all /3-KMS states 
on M(M) is non-degenerate. This assumption implies that oj^ is also invariant under space-time 
translations. Furthermore, w /3 fulfills the following time-clustering property (cf. |BB96] ): 

‘^/3(</>(/)ai''V(5)) 7 -->0 yf,gGS(U^), ( 20 ) 

|t|—>-00 

which can be expressed more formally as 

oj^{x,y + te) - 0 Vx,?/GM. (21) 

|t|^oo 
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The two-point function G x M^) of a /3-KMS state ojfj on ^(M) in fact is a tempered 


distribution, G 5'(M^ x M^). It is given by 


^2{f,g) = 271 (fp' 


4 e{po)5{p^ - w? 


1 - e-t^P 


■f{-p)g{p), f,g^<S(R'^), 


( 22 ) 


where denotes the space of Schwartz functions on 

It has been shown by Buchholz and Bros in [BB94 that for A,B^ ^(M) the correlation 
functions Fa^b{x) := uJii{AT(^i^x){B)),x G of /3-KMS states ojp on M.(M) have in fact stronger 
analyticity properties than that imposed by the KMS condition. These analyticity properties can 
be viewed as a remnant of the relativistic spectrum condition in the case of thermal equilibrium 
states, and consequently the term relativistic KMS condition was introduced by the authors 
of |BB94] . 


2.1 The LTE condition of Buchholz, Ojima and Roos 


In IBOR02 


Buchholz, Ojima and Roos developed a method for distinguishing states which 
are out of equilibrium but locally still have a thermodynamical interpretation. Heuristically 
speaking, a local thermal equilibrium (LTE) state is a state for which one can define local 
(pointlike) intensive thermal quantities like temperature, pressure and thermal stress-energy 
which then take the values they would have if the field was in some global thermal equilibrium 
state. 

The hrst key step in the analysis of 


BOR02 is the construction of spaces of idealized 


observables (density-like quantities) located at some q G Ai. Those observables are well-defined 
as quadratic forms in all states with an appropriate high-energy behaviour. From the spaces 
Qq one then selects certain subspaces Sg C Qg of local thermal observables s{q). The thermal 
interpretation of these observables is justihed by evaluating them in thermal reference states. 
The set of these reference states is denoted by and consists of mixtures of KMS states 
on M(M), with (3 contained in some compact subset R C V+. A generic state lob G Cb is 
represented in the form 

iOB{A)= [ dp{p)i0f3{A), AgM(M), (23) 

Jb 

where p is a positive normalized measure on V+ with support contained in R. In the following 
we will first restrict to states with sharply defined local thermal parameters, corresponding to 


pointlike-concentrated measures p = dp in (23). It is thus sufficient to take for the moment as 


the space of reference states the spaces Cp, defined at the end of the previous section. We will 
discuss the case of states with “mixed” thermal parameters in Section 4. 

For the present model the spaces of thermal observables are defined as the spaces 5”, spanned 
by the so-called balanced derivatives of the Wick square up to order n, defined as 


•'/J-l. ..f-Ln 


: (jr : {q) := lim [(t){q + z)(l){q - z) - Uya^{4>{q + z)(l){q - z)) • 1] , (24) 

2^0 


where cuvac is the unique vacuum state on M(M) and the limit is taken along spacelike directions 
z. For the Klein-Gordon held with m = 0 an easy computation yields 


6(/3) := : (x)) = Cndpn ... dpi^r, (/3^) 


2 \-i 


(25) 
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where the Cn are some universal numerical constants [BORO 2 . This makes clear that the func¬ 
tions S(/3) can be constructed completely out of /3j^ and thus can be viewed as thermal functions 
corresponding to the micro-observables s{q). Furthermore, due to the invariance of uif^ under 
space-time translations, they are independent of q. Note that for odd n the thermal functions 
are equal to 0. 


The definition of local thermal equilibrium in the sense of BOR02 ,Buc03 can now be stated 
in the case of the Klein-Gordon field as follows: 

Definition 2.2. Let N and ui a Hadamard state on A{M). We say that a; is a local thermal 
equilibrium state of order N at q € M with sharp inverse temperature vector /3, or [/3, q, N]-LTE 
state for short, iff there exists a /3-KMS state on ^(M), such that 

uj{s{q)) = cj/sisiq)) \fs{q) e , n < N. (26) 

We will say that w is a [/3, g]-LTE state iff it is a [f3, q, N'J-LTE state for all N G N. 

Of particular interest is the space which contains (besides the unit 1) two thermal ob¬ 
servables which play a prominent role. The first one is : : {q), the Wick square of cj) at the 

point q G M, defined by 


: (jf : (q) = lim [4>{q + z)(l){q - z) - uj^ 
z^O 


,{(j){q + z)(f{q - z))l] , 


(27) 


where the limit is taken along spacelike directions z. This observable is usually regarded as a 
’’thermometer observable“, which is due to the fact that its evaluation in a /3-KMS state yields 
for the Klein-Gordon field with m = 00 


■ (q)) = 


1 


12 / 3 ^ 


Li 

12 




(28) 


The other thermal observable contained in Sg is the second balanced derivative of : : (q), 

which is of special interest since its expectation values : (jP' : {q)) are, up to a constant, 

equal to the expectation values of the thermal stress-energy tensor It is a fundamental 

fact in special relativistic thermodynamics that all relevant macroscopic thermal parameters, in 
particular the entropy current density, for a (local) equilibrium state can be constructed once 
the components of E^^^ are known |Dix78 Ghapter 4]. Eor increasing n the spaces 5” contain 
more and more elements. Thus, the [/if, g,Wj-LTE condition introduces a hierarchy among the 
local equilibrium states in the following sense: If we successively increase the order N we get an 
increasingly finer resolution of the thermal properties of this state. Eor finite N we thus obtain 
a measure of the deviation of the state u from complete local thermal equilibrium (which would 
amount to the case of a [/3, (?]-LTE state). 


3 KMS-like properties of sharp-temperature LTE states 

The /3-KMS condition fulfilled by the comparison states a ;/3 can be used as a starting point 
for an investigation of the analyticity properties of the two-point function uj 2 G x Wi) 


^This is also true in the massive case. However, in that case the thermal functions are given by a more involved 
expression which is analytic in f3. Furthermore, they depend on the choice of a renormalization condition HWOl 


®In the massive case the expression tjP :(q)) yields a more complicated function of p which' is stif 
monotonously decreasing in P and contains a possible renormalization freedom coming from : (jP : HWOl . 
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of a [/3, ( 7 , A^]-LTE state ui on A{M.). We start by noticing that if a state ojfi on ^(M) fulfills 
the /3-KMS condition, then for fixed f,g^ 5(M^) there exists a function Ff^g, analytic on S^, 
bounded and continuous on Sp such that: 


Ff,git) = u}p , 

(29) 

Ff^g{t + i/3) = (^a|''V( 5 )<(>(/)) ■ 

(30) 

The a) -invariance of together with the group properties of a*- 

implies: 

Ff,g{t) = ujf3 

(31) 

Ef,g{t + *^) = w/3 4>{g)a^f‘^(j){f)'^ 

(32) 

Let q £ Ai arbitrary but hxed, e £ a time-direction. In the 

Xg^e an open interval around 0 resp. by Uq an open neighbourhood 

following, we will denote by 
of 0 G such that 

Xg,e C {t £R: q±^e£ M] 

(33) 

Uq<£ {z £R3^ ■. q±^ £ M}. 

(34) 


Now, let w be a Hadamard state on ^(M) and consider the “relative-time-variable correlation 
function” /g: M D Xg^e C, which is formally defined as 


/g,e(t) := (f) (^q 


+ 2 ® 


^ G 


9,65 


(35) 


where e ^ V^. Since w is a Hadamard state, /g can only be well-dehned as a continuous 
function if restricted to Xq\{0}. Similarly, consider the “relative-variable correlation function” 




D Uq ^ C, formally defined by 
Fq{z) := oj 


z 

"+2 


Z G Uq. 


(36) 


This is a well-defined continuous function only as long as restricted to Uq\{Uq H {dV+ U dV-), 
which resembles the restrictions which are met for the vacuum state Wvac of a Wightman quan¬ 
tum held theory [SWOP] , In this case the relativistic spectrum condition plays a crucial role. 
By using arguments from complex function theory, one is led to the statement that the vacuum 
expectation values a;vac(</>(a^i) • • • 4‘{xn)) are the distributional boundary values of certain holo- 
morphic functions. One could expect that similar statements also hold in the case of thermal 
equilibrium states. In fact, an axiomatic approach to thermal quantum held theory has been 
given in |BB96 , wherein the spectrum condition is replaced by the (relativistic) KMS condition. 
In particular, one has the following relation between the Fourier transform of the thermal two- 
point function oj^{x, y) = uj^ix — y) and that of the commutator function F(x, y) = E{x — y), 


introduced in eq. ( 10 ): 


^I3f . iE{p) 

2 1 — e-f^P 


(37) 
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which has to be understood in the sense of distributions. This relation replaces the relation 
tD™'^(p) = iQ(p)E{p), expressing the relativistic spectrum condition in energy-momentum space. 

We hrst prove a lemma which shows that the (up to now, formal) expressions fq and Fq, 
defined by eqns. (35) and (36) can be meaningfully dehned in the sense of distributions. 


Lemma 3.1. Let uj be a Hadamard state on A{Ai), q £ A4 and e £V^. Introduce smooth maps 

Xq,e ■ -£■ M. X M. and Kq :Uq ^ M. X M. via 


Xq,e{^) 

Kq{z) 


(9-52,9 + 1^). 


t £ ^q,ei 
Z G Uq- 


(38) 

(39) 


Then Uq^e '■= Xq,e ‘^2 and Wq := k*uj 2 , the pullbacks of lo with respect to Xq,e and Kq, can be defined 


as distributions in V'iXq^e) and VfiUq), such that 

WF(ug,e) C {(0, A;) e ^ > g}, (40) 

WF(wg) C {(z,p) G X : z E dV+ U dV-,p £ dV+{q)} . (41) 

If to is an analytic Hadamard state, the latter relations get replaced by 

WFA(ug,e) C {(0, k)£R^-.k> 0}, (42) 

WFa(w,) C {iz,p) E X = 0,p E dV+iq)} . (43) 

Proof. The proof can be found in Appendix C. □ 


Definition 3.2. Let q £ A4 and tv a Hadamard state on wT(A4). Then we call Uq £ P (Tq fij 
the relative-time-variable two-point function of co at q and E V'ifJq) the relative-variable 
two-point function of to at q. 


If w is a Hadamard state on ^(M), i.e. w is globally defined, and q £ 


then Iq^e = 


for all 


G VI 


Uq = 


and we denote by Uq £ T>'(]R) (resp. rog E ll'(M'^)) the relative-time-variable 
(resp. relative-variable) two-point function of w at q. For a globally hyperbolic subregion A4 of 
M, we denote by the restriction of u to A{M.). Then is a state on A{M) which fulfills 
the (local) Hadamard condition, eq. (15), and we denote by Ug E V'iXq^e) (resp. Wg E V'ifAq)) 
the relative-time-variable (resp. relative-variable) two-point function of w|_y \4 at q. Clearly, Ug 
and Wg are the restrictions of Ug and tUg to Xg^e and Uq, i.e. it holds 


Uq{h) = nq{h) 'ih £ V{lq^,), (44) 

Wg(/l) = tUg(/l) V/l E ViUq). (45) 

Now, if g E M and is a /3-KMS state on ^(M) with (3 = fie, we have Ug E 5'(M) 
and tUg E 5'(M^), since the two-point function is tempered as well. Furthermore, due 
to the spacetime-translation invariance of ojfj, the relative-variable two-point function voq is 
independent of the choice of g E M and the same is true for Ug, i.e. tUg = tU /3 and Ug = for 
all q £ M. In fact, for every Hadamard state oj on ^(M) with oj o Ta = oj one has 


aJ 2 {x,y) = uj 2 { 0 ,y - x) = i 02 {x - y,0), 


(46) 
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and setting z := x — y we find 


= W2 (g-I) = (47) 

to be understood in the sense of distributions. Thus, for translation-invariant states u on ^(M) 
we will call to just the relative-variable two-point function of lj and it still contains all relevant 
information on the state (at least for quasifree states). In contrast, a generic Hadamard state to 
on A{M) will not be invariant under spacetime translations and so we have, in general. 


W 2 (a;,y) = wi(^^^)(x - y), x,y £ M 
or, expressed formally with q = ^{x -\- y) and z = x — y: 

vjg{z) =u}2{q-, z£Uq. 


(48) 


(49) 


Thus, in order to know the two-point function W 2 everywhere, one needs to know the relative- 
variable two-point functions Wg for all q £ M. Thence , there is the possibility of ascribing 
certain local properties (e.g. of thermal nature) to a state in a spacetime region O C A4 by 
giving respective conditions only on the relative-variable two-point functions Wg with q £ O. 

After these preparations we will now show that for the class of [/3, O, A^]-states, introduced 
in Definition 2.2 one obtains a point-wise remnant of the KMS condition, both in position space 


and in in momentum space. 


Sharp-temperature LTE states of infinite order 


We first show that for sufficiently regular states the [/3, y]-LTE condition of Definition 2.2 can 
be expressed in terms of the relative-variable two-point function Wg £ TD'lUq), where, as before, 
Uq is an open neighbourhood of 0 G such that Uq <Z {z £Mf : q rtsz z/2 £ M}. 


Lemma 3.3. Let q £ M.. A Hadamard state w on A{Ai) is a [(3,q]-LTE state if and only if 
there is a (3-KMS state on .4.(M), such that 


[da{wi3 - Wg)](0) = 0 Vo G No, 


(50) 


where is the relative-variable two-point function o/w/jI^. 

Proof. In view of the definition ( [2^ of the Wick square and its balanced derivatives we have for 
any Hadamard state io on A{Ai): 

w(Smi...m„ : ■ {q)) = [dzf^i ■ ■ ■ (wg - Wvac)](0) Vn G No, (51) 


where Wvac £ is the relative-variable two-point function of a;vac|_A 4 ) restriction to M. 

of the unique vacuum state Wvac on ^(M). 

Now let w be a [/3, gJ-LTE state. According to (51) this implies that there is a /3-KMS state 
on ^(M) such that 


7^ . ..vfp[{dzn ■. - wg))(0)] = 0 Vn G No; ui,...,Un ^ 14 U V-. 


( 52 ) 


Applying Lemma 


C.2 


to the symmetric (|^)-tensors 

■= • ■ ■4Mn(w/3 - Wg)](0), n £ No, 
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( 53 ) 


it follows that all directional derivatives of — Wq vanish at z = 0 . 
Assume conversely that there is a /3-KMS state oj/s on A.(M) such that 

[5«(w^ - Wg)](0) = 0 VoENq. 

In particular we have 


. . . dziJ-n {vjq Wvac)](0) — (w^ Wvac)](0) Vu E Nq, 

which implies the [/3,g]-LTE condition by (51). This completes the proof. 


(54) 

□ 


Corollary 3.4. Let q E Ad. An analytic Hadamard state on A{M.) fulfills the [f3,q]-LTE 
condition if and only if there exists a (3-KMS state on A(M) such that tU /3 E 5'(M^) is the 
unique extension of the relative-variable two-point function Wq E P'(M^) of u; at q. 

Proof. Assume first that Wg has the unique extension tUg = E 5'(M^). Then restriction to 
Uq C yields Wg = in the sense of distributions which implies the [/3, g]-LTE condition by 
Lemma 13.31 

Assume conversely that a; is a [/3, (?]-LTE state. Since w and a ;/3 fulfill the analytic Hadamard 
condition, Lemma [3^ implies that Wg = in the sense of distributions. Using again the analytic 
Hadamard property of u and w/j it follows that tUg = ro/j is the unique extension (by analyticity) 
of Wg and the proof is complete. □ 


Note that by the time-clustering property of eq. (21), this also implies that 

tVq{te) = rD^(te) = Wg {q, q -\- te) 


|t|^oo 


-^0, 


(55) 


which means that w fulhlls a “localized” version of the time-clustering property. 

The next Proposition shows that if w is a [/3,q]-LTE state on A.(M), where (3 = (3e with 
/3 > 0 and e E V_l_, the relative-time-variable two-point function Ug E 'DfXq^e), defined in Lemma 
|3.1[ has certain analyticity and periodicity properties which are inherited from the /3-KMS 
condition fulhlled by the comparison state W/ 3 . Eurthermore, these properties can be expressed 
as a remnant of the /3-KMS condition in momentum space. 

Proposition 3.5. Let q E Ai, let Iq^e be an open interval around 0 E M with Iq^e C {f E M : 
q±te(2 E AA.}, and let w be an analytic Hadamard state on A{AA) which fulfills the [/3, q]-LTE 
condition. Then the following hold: 

(i) There exists a complex function fq with the following properties: 


(a) fq is defined and holomorphic on Sq = {z G C : 0 < < fi}. 

(b) For all compact K C (0,/3) there exist constants Ck > 0 and Nk E Nq such that 


(c) We have: 


P\z\)^^, y^zGK. 

(56) 

-^ Uq{h) \/h E T>(Tg,e), 

(T-S.0+ 

(57) 

-> Uq{h ) Mh E T>(Xg,e), 

T?->0+ 

(58) 


where h (t) := h{—t). 
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(a) The relative time-variable two-point function Uq ofuj atq has a unique extensionUq G 5 '(M) 
such that 

e^'^Uqi-k) = Uq{k). (59) 

in the sense of distributions. 


Proof. By Corollary 3.4 the [/3, g]-LTE condition in particular implies that the relative-time- 
variable two-point function Uq G P'(Xg^e) has the unique extension = U /3 G which by 

eq. (134) in Appendix B yields 


Uqi-k)=U(i{-k) = 


(60) 


where ^{k) is given for m = 0 and m > 0 by eq. (133) and eq. (132) in Appendix B. This 
immediately implies (ii). Now, defining 7 ^ := {cr G M : e^^Ug{— k) G 5^ (R)|, we have 0 G 7 ^ and 
/? G 7g, since e^^Uq{—k) = Uq{k) G 5'(M). The set 75 is convex 
that A/? G 7g for all A G [0,1]. In other words, e‘^^Uq{—k) G S' 


SWOO 


Thm. 2-5] and it follows 
for all cj G [0, /3]. From the first 
part of Thm 7.4.2 in [Hor90| it then follows that there exists an holomorphic function fq : Sq ^ C 
such that fq{t-\-ia) = J^[e'^^Uq{—k)]{t) and property (ii) above holds. This immediately implies 
that for every fixed (Tq G (0,/3) we have fq{» + ioo) G 5'(M). Since the Fourier transform 


F : S' 

we find 


5' 


is weakly continuous and we know that e'^^Uq{—k) 


fq{t + ia) = J'[e‘^%(-A:)] 


CT— >0 + 

> F[Ug{-k)] = Uq{t) 


> Uq{—k) in S' 


(61) 


(T^0+ 

in the sense of distributions. Now consider the function pq, defined by gq{t+ir]) := fq{t+i(f3—r])), 
which is as well defined and holomorphic on Sq. Then analogous arguments as for fq, together 


with (141) yield 


gqit + ig) = .T[e(^-^)%(-A;)] - ^ F[e^%{-k)] = F[uq{k)] = Uq{-t) 

77^0+ 


(62) 


in the sense of distributions. Restriction to test functions h G ViZq^e) completes the proof of 
{ii) => {i) and thus the proof of the Proposition. 

□ 


It is immediately clear that properties {i) and {ii) in Prop. 3.5 are not equivalent to the [/3, q]- 
LTF condition. Namely, these (equivalent) conditions are too weak to imply that the relative- 
variable two-point function Wg G V'{Uq) has the unique extension lUg = tu^ G 5'(M'^). In this 
respect, the [/3,g]-LTE condition seems to impose stronger constraints on the relative variable 
two-point function. The next lemma shows that the (relative-variable) two-point function tU /3 of 
a /3-KMS state ujg has in fact stronger analyticity properties than those imposed by Proposition 
3.5 Those are remnants of the relativistic KMS condition of Buchholz and Bros |BB94 . 


Lemma 3.6. Let cog he a f3-KMS state on Al(M). Then there exists a complex function Fg with 
the following properties: 

(i) Fp is defined and holomorphic in the (flat) tube 7^ = {C G = ere,0 < a < /?}. 

(ii) For all compact K C (0,/3) there exist constants Ck > 0 and Nk G Nq such that 

\Fij{z-\-iae)\ < Ck{'^+ \z-\-icre\)^^, z G M'^, u G TC. (63) 


14 



















(in) We have, in the sense of distributions: 

F/ 3 {z + iae) -> tOj 3 {z), (64) 

(T—>0 + 

F/3{z + i{l3 - r])e) - ^mp{-z), (65) 

77-5-0+ 

where G 5'(M^) is the relative-variable two-point function ofujf^. 

Proof. The proof can be found in Appendix C. □ 

The above properties of are not equivalent to the /3-KMS condition. Since one has to 
choose some (arbitrary) point g G M in defining to 73 , Lemma [3.6| yields only some local properties 
of the state ^73 (i.e. properties at q) which itself do not imply space-time translation invariance of 
0 J/ 3 . Based on this observation, we propose the following generalization of the /3-KMS condition: 

Definition 3.7. Let q € M., lei Uq be an open neighbourhood of 0 G with Uq <Z {z € ■. 

qF zj2 G A4}, and let w be an analytic Hadamard state on A{M.). We say that cj fulfills the 
local KMS condition at q with respect to (3, or [/3, q]-LKMS condition for short, iff there exists a 
f3 = (3e € Vj,. and a complex function Fq with the following properties: 

(i) Fq is defined and holomorphic in the (flat) tube 7^ = {C G : SiC = crCjO < a < ft}. 

(ii) For all compact K C (0, /3) there exist constants Ck > 0 and Nk G Nq such that 

\Fq{z + iae)\ < Cxil + \z + iae\)^^, z€Mf,a€K. (66) 

(iii) We have: 


/ d'^z Fq{z + iae)h{z) - Wq{h) 

J O--S-0+ 

V/l G V{Uq), 

(67) 

d‘^zFq{z + i{j3 — r])e)h{z) -)- vjq{h~) 

77-5-0+ 

\ Vh G V{Uq), 

( 68 ) 


where h {z) := h{—z). 

(iv) We have 

Fq{{t + ia)e) - ^0 V(TG(0,/3) (69) 

|t|—T-OO 

Let O C M. We say that uj fulfills the [/3, 0]-LKMS condition, iff there exists a continuous (resp. 
smooth, if O is open) map /3 : O —)• B C 4 + , such that oj fulhlls the [(3, gJ-LKMS condition for 
all q £ O, with /3 = ^{q). 

We are now able to show that this condition indeed is equivalent to the [(3, (;]-LTE condition 
and can as well be formulated in momentum space. 

Theorem 3.8. Let g G M and u an analytic Hadamard state on A{Ai). Then the following are 
equivalent: 

(i) uj is a [j3,q\-LTE state. 

(ii) UJ fulfills the [(3,q]-LKMS condition. 
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(in) There exists a (3 = /3e G V+ such that the relative-variable two-point function Wg has an 
extension Wg G 5'(]R^) with 


VOq{te) 


^ 0 


(70) 


(71) 


|t|^oo 

and the following holds in the sense of distributions: 

e>^PWg{-p) = Wg(p). 

Proof. We show (i) ^ (ii) => {in) (i). 

Let a; be a [[3,q]-ljT'E state on ^(M). Then, by Corollary 3.4 Wg G V'ifAg) has the unique 
extension tVg = W 13 . Applying Lemma [3)6| to the /3-KMS state ujf 3 and subsequent restriction to 
test functions h G V^Ug) yields (ii), with Fg = Ff^. 

Assume that tv fulfills the [/3,(jr]-LKMS condition. By [Hor90 Thm. 7.4.2] there exists a 
distribution Tg G 5'(M^) such that e^^^Tg G 5'(M^) for all 0 < fi < /3 and Fg{z + iae) = 
F{e^^^Tq{p)]{z). Since F: S' ^ S' \s weakly continuous and -)■ Tg in the weak sense, 

(T^ 0 + 

it follows that 


Fq{z + iae) -^ F[Tq{p)]{z) = Tq{-z). 


(T^ 0 + 


(72) 


By eq. (67) this yields 


vjg{h) = Tg{h-) = T-{h) yhGV{Ug), (73) 

i.e. Tg" G 5'(M^) is an extension of Wg. Now set Gq{z + iae) := Fq{z + i(/3 — a)e), which as well 
is defined and holomorphic on Tg. Analogous arguments as above yield 


Gg{z + iae) = T[e(^-")^^>fg(p)](z) -^ T[e^%(p)](z 


(7^0 + 


(74) 


in the sense of distributions, and restriction to test functions h G 'D{Uq), together with eq. (68) 

(75) 


and eq. (73) gives 


F 


-1 




u„ 


— w„ + R„ — T. 


1 \Ua 


Writing tUg := Tg for the extension of Wg, this implies 

e^PfDg(-p) = tUg(p). (76) 

That eq. (70) is fulfilled follows directly from eq. (|69|) by which the proof of (ii) ^ {Hi) is 


complete. 

Now assume that (Hi) holds. From (0, together with the canonical commutation relations 
(10), it follows that 


iE{p) = iug(p) - (oq{-p) = {e>^P - l)tUg(-p). 


(77) 


As discussed before, the distributional solution rDg(—p) of the latter equation is not unique: 


^ , iE{p) , 

ft)g(-p) = ^ +c5{p), cG 


Thus, by (37) there exists a /3-KMS state state w/j, such that 

^qip) = ^f3{p) + c^{p), 


(78) 


(79) 
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where we have used 5{—p) = S{p). But in view of the clustering property, eq. (70), we find that 
tUg cannot contain a constant term, i.e. c = 0 and we have 


tUg = 


(80) 


in the sense of distributions. Since this is equivalent to (i) by Corollary 3.4, the proof is 
complete. □ 

As already mentioned in the introduction, this result in particular implies that known ex¬ 
amples of [(3, gJ-LTE states are [/3, gj-LKMS states which guarantees existence of the latter. For 
example, as discussed in |BOR02 Buc03| , in the case of a massless field the hot-bang states Whb, 
whose two-point functions a formally given by 




( 2 vr) 


'^4 e{pQ)5{p^ - m?) 
dp ^_ Vx,yGl 4 , 


(81) 


with constant A > 0, constitute examples of [/3, E+]-LTE states. Therefore, as a consequence of 


Theorem 3.8, they fulfill the [(3, qJ-LKMS condition for all q G E+, with (3 = j3{q) = A - q. Apart 


from these examples we immediately obtain that the restriction uif 3 \Q of a /3-KMS state cu/j on 
A.(M) to a spacetime region O fulfills the [/3, g]-LKMS condition with /3 = const, for all q € O. 
Note, that these restricted states do not fulfill the KMS condition. Thus, we have the following 


Corollary of Theorem 3.8 


Corollary 3.9. For any given q £ A4 and /3 G 17+ there exist states on A{M.) which fulfill 
the [P, q]-LKMS condition. 


Finite-order LTE-states 

Similar to the case of infinite-order LTE states one can express the [/3, q, A^]-LTE condition for 
analytic Hadamard states in terms of the relative-variable two-point function Wg G V(lAq): 

Lemma 3.10. Let g G M and N G Nq- A Hadamard state oj on A{Ai) is a [P,q,N]-LTE state 
if and only if there exists a P-KMS state such that 

[<9a(w^-Wg)](0) =0 Vo G {o'G : |a'| < A^}. (82) 


Proof. Assume that w is a [/3, g, A^]-LTE state on A(M), which in view of (51) yields 

. . .dz/.n(w^ - Wg))(0)] = 0 Vn < iV; Ui,... ,Un ^ 17+u l/_. (83) 

Applying Lemma C.2 to the symmetric (|^)-tensors 

:= [9zn ■ ■ ■ dzi^n (w^ - Wg)](0), n< N, 

it follows that 

[5a(w/3 — Wg)](0) = 0 Vo G {a G Nq : |a'| < N}. (84) 

Assume conversely that there exists a /3-KMS state on A.(M) such that the latter equation 
holds. In particular we have 


[d^Mi . . . dzt^n (Wg Wvac)](0) — • • • dzr-n iy^fi Wvac)](0) N , 


(85) 


which implies the [/3, q, A^]-LTE condition by the definition of the balanced derivatives of the 
Wick square and by eq. (1^. □ 
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Corollary 3.11. Let q £ Ai and N G No- An analytic Hadamard state u on A{.M.) is a [/3, q, A/"]- 
LTE state if and only if there exists a f3-KMS state on .A(M) and symmetric distribution 
Rq G VilAq) with WFA(Rg) = 0 and 

[5^^Rg(0)] = 0 VaE{a'EN^: |a'| <iV} (86) 

such that xop E is the unique extension of Wq + Rg E V'iUq), where Wq is the relative- 

variable two-point function of uj at q. 


Proof. Assume first that there exists a /3-KMS state on .4(M) and a Rg E V'{Uq) with the 
above properties such that ro^ is the unique extension of Wg + Rg. In particular, by restriction 
to Uq , we have Wg = + Rg in the sense of distributions. Therefore, 


[5«(w^ - Wg)](0) = [5«Rg](0) =0 Vo E {o' E Nq : |a'| < AI}, 


(87) 


which implies the [/3, g, A^]-LTE condition by Lemma 3.10 


Assume conversely that w is a [/3, g, AIJ-LTE state on A{M.) and define Rg E V'ifAq) by 


Rg(z) ;= (w/3 - Wq)(z) 'iz E Uq. 

Since oj and 00/3 fulfill the analytic Hadamard condition it follows that WF^(Rg) = 0 and , 
since by eq. ( 10 ) the antisymmetric parts of and Wg cancel each other, Rg is symmetric, 
Rg(— z) = Rg(.2;) 'iz E Uq. Furthermore, by eq. (82), it follows that 

[9^iRq(0)] = [aa(w ;3 - wg)](0) = 0 VaE{a'EN^: |a'| <A^}. (88) 


Since = Wg + Rg in the sense of distributions it follows from the analytic Hadamard condition 
on oj and w/j as well as from the analyticity of Rg that 


WFA(wg + Rg) = WFA(wg) = WF^(w^). (89) 

Thus, we obtain that rD /3 E 5'(M^) is the unique extension (by analyticity) of Wg + Rg E V'iUq) 
and the proof is complete. □ 


Definition 3.12. Let g E Ad, let Z7g be an open neighbourhood of 0 E with Uq <Z {z ■. 
g±z/2 E Ad}, and let oj be an analytic Hadamard state on Al(Ad). We say that oj fulfills the 
local KMS condition at q with respect to j 3 at order N G N, 01 [P, q, N]-LKMS condition for 
short, iff here exists a /3 = /3e E V+ and a complex function Fq with the following properties: 

(i) Fq is defined and holomorphic in the (flat) tube 7^ = {(" E : TIC = ae, 0 < u < /3}. 


(ii) For all compact K C (0, /3) there exist constants Nk G N and Ck > 0 such that 



\Fq{z + icre)\ < CkP + \z -\- iae\)^^, M a G K. 

(90) 

(iii) There exists 

a symmetric distribution Rg E V'iUq) with WF^(Rg) = 0 and 



[a^^Rg(0)] = 0 Va E {«'E : a' < A^j, 

(91) 

such that 

/ d'^z Fqiz + iae)hiz) -)• (wg + Rq)ih) \/h G VilAq) 

J cr-:-0+ 

(92) 


[ df^z Fq{z + i{l3 - rj)e)h{z) -^ (wg + Rg)(/i“) V/i E V{Uq). 

J r]^0+ 

(93) 
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(iv) We have 


Fq{{t + ia)e) 


|t|^oo 


> 0 Vcr G (0, /3). 


(94) 


We now prove a generalization of Theorem 3.8 


Theorem 3.13. Let q G M, uj an analytic Hadamard state on .4,(M). and denote by Wq G VilLq) 
the relative-variable two-point function of uj at q. Then the following are equivalent: 

(i) UJ is a [(3,q, N]-LTE state. 

(a) UJ fulfills the [(3,q, N]-LKMS condition. 

(Hi) There exists a /3 G V+ and a symmetric distribution R G V'fUq) with WFA(Rq) = 0 and 

[0^^Rq(O)] =0 Va G {o' G : \d\ < N}, (95) 

such that Wq + Rq has an extension Tq G 5'(]R^) with 


%q{te) 


-^ 0 , 


14—>oo 

and the following holds in the sense of distributions: 

e^P^qi-p) = Tg(p). 


(96) 


(97) 


Proof. We show (i) ^ (ii) {Hi) ^ (i). 

Let a; be a [/3, q, iVj-LTE state on A{M.). Then, by Corollary 3.10, Wq + Rq G V'fUq) has the 
unique extension G 5'(]R^). Applying Lemma 3.6 to the /3-KMS state uj^ and subsequent 


restriction to test functions h G T){Uq) yields (u), with Fq = T^g. 


Now assume that {ii) holds. By 


Hor90 


Thm. 7.4.2] there exists a distribution Tg G S' 


such that G S' 

is weakly continuous and 


for all 0 < u < /3 and Fq{z+iae) = J'[e°'®^’Tg(p)](z). Since F: S' ^ S' 


-s>0+ 
Fq{z + iae) 


> Tg in the weak sense, it follows that 


(T^ 0 + 


^F[1q{p)]{z)=Zq{-z). 


By eq. (92) this yields 


Tg(h-) = T-(/l) = (Wg + Rg)(h) Vh G V {Uq) , 


(98) 


(99) 


i.e. ‘Iq G 5'(M^) is an extension of Wg + Rg. Now set Gq{z + iae) := Fq{z + i{f3 — a)), which as 


well is defined and holomorphic in Fq. By analogous arguments as above we have 
Gq{z + iae) = F[e^^-'^^^P‘Iq{p)]{z) -^ J-[e^%(p)](z) 


(7—)-0 + 


( 100 ) 


in the sense of distributions. Restriction to test functions h G VifAq), together with (93) and eq. 


(l9^ gives 


F 


-1 


Ua 


— W(j T R(j — T 


9 \Ua 


( 101 ) 


Thus, it follows that 
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e^%(-p)=‘r,(p). (102) 

That eq. (96) is fulfilled follows directly from eq. ( |94[ ) by which the proof of (ii) => {in) is 
complete. 


It remains to show (in) (i). From (97) it follows together with the canonical commutation 


relations (10) that 




(103) 


where the symmetry of Rg has been used. Again, the distributional solution tt)g{—p) of the latter 


equation is given by 




Thus, by (37) there exists a /3-KMS state such that 

‘iqip) = n,3{p)+c6{p). 


(104) 


(105) 


In view of the local clustering property, eq. ( |96[ ), we find that Tg cannot contain a constant 
term, i.e. c = 0 and thus 

Tq = XOf3 (106) 

in the sense of distributions. This, together with the properties of Rq, is equivalent to the 
[/3, g, A^]-LTE condition by Corollary 3.11, which completes the proof of the theorem. □ 


4 LTE States with Mixed Temperature 

So far we have only discussed locally thermal states with sharply defined thermal parameters. 
A generalization of this arises if one enlarges the space of thermal reference states to the space 
Cb of mixtures of KMS states, as discussed in Section 2. 

Definition 4.1. Let p be a positive normalized measure with support in some compact B C V^. 
We shall call the state ujb on A(M), defined by 


ujBiA) = / dp{P)ui3{A), AeA(M), 
Jb 


(107) 


the mixed-temperature state with respect to p. 

It follows immediately from the respective properties of the KMS states ujp that is an (not 
necessarily quasifree) analytic Hadamard state, i.e. it fulfills eq. ( |16[ ). Thus, for any point g G M 
we can compute the relative-variable two-point function tVg G 22'(M^), according to Lemma 
Since ujb can also easily be seen to be spacetime-translation invariant, ub ° T{i,a) = o, G 
the relative-variable two-point function does not depend on the choice of the point q G M, 
i.e. tOg = tDs. Furthermore we have XOb £ 5'(M'^) since the KMS two-point functions rop are 
tempered as well. 


3.1 
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Definition 4.2. Let a; be a Hadamard state on A{M) and iV G N. We say that a; is a 
local thermal equilibrium state of order N at q G Ai with mixed temperature distribution p, or 
[p,q,N]-LTE state for short, iff there exists a positive normalized measure p with support in 
some compact B C V+{q), such that 


uj{s{q)) = u}B{s{q)), Vs(g) E 5”, n < N, 


(108) 


where ws is the mixed temperature state with respect to p. 

We say that a; is a [p, q]-LTE state iff it is a [p, q, A^]-LTE state for all N gN. 


It has been shown in BOR02 that for given q G Ai and N G N there exist non-trivial 


[p, q, Af]-LTE states. This result was extended by Solveen SollO as follows: Eor any compact 
subset O of Minkowski spacetime and finite N G N there exist probability measure-valued 
functions q eG- pg, q G O such that there are states which are non-trivial [pg, g, A^]-LTE states 
for all q G O. 


Mixed-temperature LTE states of infinite order 

We first show, in analogy to the case of sharp temperature, that the [p, g]-LTE condition can be 
expressed in terms of the relative-variable two-point function Wg G VfUg). As before, we denote 
by Ug an open neighbourhood of 0 E with Ug (Z {z G^^ ■. q A z/2 G Ai}. 

Lemma 4.3. Let q G Ai. A Hadamard state oj on A{Ai) is a [p,q]-LTE state if and only if 
there exists a mixed-temperature state ujb with respect to p on A{Ai), such that 

[da{wB - Wg)](0) = 0 Vo E Nq, (109) 


where wb G VfUg) is the relative variable two-point function of ujb\j^- 


Proof. The proof is verbatim the same as the proof of Lemma 3.3, with u)p replaced hy ujb- D 


If, in addition, the state u fulfills the analytic Hadamard condition we have the follow¬ 
ing Corollary which also is proven by analogous arguments as in the sharp-temperature case, 
replacing ujp hy ujb- 


Corollary 4.4. Let q G Ai. An analytic Hadamard state uj on A{Ai) fulfills the [p,q]-LTE 
condition if and only if there exists a mixed-temperature state ub with respect to p on M(M), 
such that 

tVg = tUB (110) 

in the sense of distributions, where wb G T>'{Ug) is the relative-variable two-point function of 

^b\m- 


Now we aim at an intrinsic description of mixed LTE states by defining a class of states 
which, in a sense, can be regarded as mixtures of LKMS states. 


Definition 4.5. Let g E M and let oj be an analytic Hadamard state on A{Ai). Then we 
say that w fulfills the mixed-temperature local KMS condition at q with respect to p, or [p, q] - 
LKMS condition for short, iff there exists a positive normalized measure p with support in some 
compact B C ! + (?), such that 


Wg 


B 


dp0)w^ 


( 111 ) 


21 





in the sense of distributions. Here, Wg G ViLlq) are the relative-variable two-point functions at 
q of states ^ on A{M.) which fulfill the [/3, g]-LKMS condition. 

In fact, it is not hard to see that this condition is indeed equivalent to the [p, g]-LTE condition 
given above. 

Theorem 4.6. Let q G A4. An analytic Hadamard state u on A{AA.) is a [p,q]-LTE state if 
and only if oj fulfills the [p, q]-LKMS condition. 

Proof. Assume that to fulfills the [p, g'J-LKMS condition. By the [/3, g]-LKMS condition on the 
states Lo^ ^ it follows that 


\Nq= dp0)w^ = 


IB 


IB 


dp0)\N^ = WB. 


( 112 ) 


Therefore, w is a [p, gJ-LTE state by Corollary 4.4 


Assume conversely that w is a [p, gJ-LTE state. Erom Corollary |4.4| it follows that there exists 
a mixed-temperature state uib such that 


Wq = ws = 



dp{P)w^ 


(113) 


in the sense of distributions. By Corollary 3.9, we have for any given /3 G 


Hadamard state uj^ „ on A{A4) which fulfills the [/3,g]-LKMS condition, i.e. 


A,q 


w: 


P 


thus replace the relative variable two-point functions wp occurring in eq. (113) 
variable-two-point functions Wq which yields 


B an analytic 
= w^. We can 
by the relative 


Wq = WB = f dp{P)\N^ = f dp0)w^. (114) 

J B J B 

This shows that the [p, g]-LTE condition implies the [p, q]-LKMS condition and the proof is 
complete. □ 


Mixed-temperature LTE states of finite order 

Lemma 4.7. Let q G Ai. A Hadamard state to on A{Ai) is a [p,q,N]-LTE state if and only if 
there exists a mixed-temperature state ujb with respect to p on ^(M) such that 


[daiwB - wq)](0) =0 Va G {a' G : |a'| < M}, 
where wb G VfUq) is the relative variable two-point function of ujb\m- 


(115) 


Proof. The proof is verbatim the same as the proof of Lemma 3.10, with wp replaced by ub- □ 

Again, assuming the analytic Hadamard condition to be fulfilled by a; we have the following 
Corollary. 

Corollary 4.8. Let g G A4 and N G Nq. An analytic Hadamard state u on A{A4) fulfills the 
[p,q, N]-LTE condition if and only if there exists a mixed-temperature state ojb with respect to 
p on ^(M) and a symmetric distribution Rq G V'ifJq) with WEA(Rq) = 0 and 


[5^Rg(0)] = 0 VaG{a'GN^: |a'| <iV} 


(116) 
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such that 

Wg = Rg + [ dp0)\N^ (117) 

Jb 

in the sense of distributions, where wb & V'iUq) is the relative variable two-point funetion of 

^b\m- 

Definition 4.9. Let q G M, N €Nq and to an analytic Hadamard state on A{Ai). Then we say 
that uj fulfills the mixed-temperature local KMS condition at q with respect to p at order N, or 
[p, q, N]-LKMS condition for short, iff there exists a positive normalized measure p with support 
in some compact B C V+{q) and a symmetric distribution Rg G V'ifJq) with WFyi(Rg) = 0 and 

[0^^Rg(O)] =0 Va G {o' G : |a'| < N} (118) 


such that 

Wg = Rg + [ dp{P)\N^ (119) 

Jb 

in the sense of distributions. Here, Wg G VilAq) are the relative-variable two-point functions at 
q of states ^ on A{JA.) which fulfill the [/3, g]-LKMS condition. 

Theorem 4.10. Let q G Af. An analytic Hadamard state w on A{JA) is a [p,q,N]-LTE state 
if and only if uj fulfills the [p,q, N]-LKMS condition. 


Proof. This is proven by analogous arguments an in the proof of Theorem 4.6, using Corollary 
4.8 and the existence result on [f3, gJ-LKMS states, Corollary 3.9 □ 


5 Summary and outlook 

A new proposal for a concept of local temperature in quantum field theory has been made 
and investigated in the present work. The basis of the concept is a local version of the KMS 
condition at the level of the two-point correlation of states of a quantum field. That local version 
permits temperature variations from point to point in spacetime, as well as variations of the 
time-direction with respect to which the condition is formulated and which ought to be seen as 
defining an (approximate) momentary equilibrium rest-frame. The main result of the present 
work is the equivalence of our LKMS condition and the LTE condition of Buchholz, Ojima 
and Roos for states of the quantized Klein-Gordon field which fulfill the analytic microlocal 
spectrum condition, on patches of Minkowski spacetime. This result indicates the utility of our 
LKMS condition in view of the sound physical motivation of the LTE condition in providing 
a characterization of states in quantum field theory to which one can ascribe a locally varying 
temperature. On the other hand, the result sheds a new light on the LTE condition, indicating 
its relation to a local version of the KMS condition. 

Nevertheless, the LTE condition is quite restrictive and its is likely that the set of LTE 
resp. LKMS states (to infinite order) that have a varying temperature distribution might be 
very small. This applies in particular to situations where the quantum fields propagate in the 
presence of time-varying external background fields; yet that is a potential domain of application 
for LTE and LKMS states, as for example in quantum field theory in the early cosmological eras. 
Therefore, seeking generalizations to the LTE concept appears a promising task. 

We notice that the LKMS condition proposed in this paper does not involve any regulariza¬ 
tion nor any Hadamard subtraction. Eor this reason, this condition might be easier to generalize 


23 





to the case of a quantum field propagating on a curved spacetime than the LTE condition. In 
particular, a generalization to the curved case of the LKMS condition of order zero, as intro- 

is surely possible. In that case, the function Rg introduced in Corollary 
quantifies the failure of a state of being an exact LKMS state. 


duced in Definition 3.12 


3.11, or in Definition 3.12 


More generally, we think that the LKMS condition offers several possibilities for a gener¬ 
alization. As already pointed out in the beginning, without imposing the analytic microlocal 
spectrum condition, the LKMS condition is implied by the LTE condition, but not necessarily 
vice versa. The finite order LKMS conditions of Definition 3.12 could be modified to yield a 
generalized LKMS condition in a suitable microlocal sense which might render itself useful to 
quantum field theory in curved spacetime, and we see such a line of research as promising in 
the future. Furthermore, the LKMS condition (or suitable generalizations) could provide links 
to other conditions on states in quantum field theory in curved spacetimes which express ther¬ 
modynamic stability or asymptotic relation to thermal states, see, e.g., FV03, DHP11| . There 
is also the possibility to investigate the LKMS condition beyond two-point correlations. The 


operator product expansion [HK12 could provide a useful tool in that context. Progress in 


this direction should make it possible to understand potential relations between the LKMS 
condition and other characterizations of (locally) thermal states in interacting quantum field 
theory [ABDMOQ , FL14 . 
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A Notation and Conventions 

The metric convention is r] = diag(+, —, —, —). We use the Einstein summation convention. The 
open forward light cone V+ is defined as 

V+ := {e G TM : > 0, eo > 0}, (120) 

and its boundary is denoted by dV+. The open backward light cone is defined by V- := — E+ 
and dV- is its boundary. The set of unit vectors in also called the set of time-directions, is 
denoted by 

Vl := {eGV+: e% = 1}. (121) 

The open forward (backward) light cone emanating from a point (7 G M is defined by 

V±{q):={eeM.^ :e-qeV±} = V±+q (122) 

and its boundary by dV±{q). 

We symbolically write J-[h{x)]{p) for the Fourier transform of a function h with respect to 
the variable x G M”. This symbolic notation also applies if /i is a (tempered) distribution. Our 
conventions for the one- and four-dimensional Fourier transforms are as follows: 

(123) 

^ m [dt /(«)e“* (124) 

v27r Jm 

The unique vacuum state on the Klein-Gordon algebra ^(M) is denoted by Wvac- The set of 
real-analytic functions on a subset X C M”" is denoted by C^{X). 


B Pullbacks 


Let P = /3e, with /3 > 0 and e G F+q, and ujf^ a /3-KMS state on ^(M). In this appendix we give 
the relative-time-variable two-point function U /3 and the relative-variable two-point function tVj 3 
of Those are well-defined as distributions in 5'(M) and 5'(M'^) by Lemma (3.1). 


From eq. (37) one obtains that the relative-variable two-point function of uj/s is given by 


ra/ 3 (z) = 


which yields 


(27r)3 

ropip) = 


f ^iPo)HP^ - ^-ipz 
' ^ P 1 _ g/3p e 

1 £{po)6{p‘^ — m?) 


(125) 


(126) 


27r 1 - e^P 

In order to compute Up G 5'(M), which arises as the restriction of the relative-variable two-point 
function to M • e, we switch to the coordinate frame in which e = ( 1 , ()) and obtain the formal 
expression 

1 I' ^(Po)5(p^ - ^2) . 


Mt) = 


(27r) 


dp 


1 - edPo 


-ipot 


(127) 
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We integrate over the po-component, switch to spherical coordinates with r = \p\ and then 
substitute k = which yields 






1 f d^p 

^ {2tt)^ J 2uip Vl “ e~^^p 1 — 


dTT^ 


dr 




oiy/r‘^+mP't 


^j.2 _|_ jj^2 I 1 _ g/SVr^+m^ ^ _ ^pVr^^^TTiP' 
0 ^ 
oo 

= 2^jdk ^k^-m? (^- 


^—ikt 


__ ^I3k 


1 

dTT^ 

1 


dk 


Vk^-m^ ikt 

1 - 


- / dk 


Vk^-m^ ikt 
1 - e-/5fc 


= / dk e{k)@{k'^ — m^) 






—ikt 


1 - 


— OO 

1 


T-^[u^ik)]it). 


2\/27r3/2 

Therefore, the Fourier transform of U /3 is given by 

^ 1 e(/c)0(/c^ — m?)^/k?‘ — vn? 

-■ 

which reduces in the massless case with m = 0 to 

^ Ik 

= 2V27r3/2 

The relative-time-variable commutator distribution <B G P'(M), is therefore given by 

-e{k)Q{p — m^)\/kP‘ — m?, 


(E{k) = {-i) ■ {u(3{k) -U(i{-k)) = - 


2\/27I-3/2 


which reduces for m = 0 to 


^(k) = - 


2\/27r3/2 


k. 


(128) 

(129) 

(130) 

(131) 

(132) 

(133) 


We thus obtain the following remnant of relation (37) in the massless {m = 0) as well as in the 
massive (m > 0 ) case: 


= i_^-pk - 


(134) 


C Proofs of some lemmas 

Proof of Lemma \3.1\ This is an application of Hormander’s criterion. The set of normals of 
the map X{q,e) = {XI 1 X 2 ) is defined as 

iVx = {(X(,,e)(f),^) G(MxM)x (M" X R^)\ix[q,e)fit)[r]] = 0}. (135) 
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(136) 


We have (X(ge))'^(^) ~ S'!! ^ ^ ^g,e and thus 

ix[q,e)f{t)[rj] = - <e^). 

Now suppose that {x,p; x',p') G WF(a; 2 ) n N^. In, particular this implies that p is lightlike and 
future-pointing and p' = —p. But from (136) it follows that we have p^e^ = 0, from which we 
we conclude that WF(ti; 2 ) HiV^ = 0 since 7 ^ 0 for all future-pointing lightlike p and timelike 
e. We can thus apply Hor90, Thm 8.2.4], by which x*q,e '^2 £ T^'{^q,e) is well defined and eq. 


lo) ) holds. In the analytic case we can apply |Hor90 Thm 8.5.1] to obtain eq. (42). Next, the 
set of normals to the map Kq is defined as 

N^ = {{Kq{z),r]) g(MxM)x (M^ xM^) : {zM = Q}. 

The differential k' is given by the respective Jacobi matrices so we have 


{k'^Y'{z 


= \ (-14,14) [P] = ^(??2 - ??l), 


which vanishes if and only if t/i = r/ 2 - Thus, we have 

Nk = {{q - z/2,q + z/2,p,ri) : z GUq} 


Comparing this with the wave front set of a; 2 , Eqn. (15), we immediately see that A^KnWF(a; 2 ) = 
0. We can thus again apply Theorem 8.2.4 of Hor90 , by which K*a ;2 G V'iUq) is well defined 
and eq. (41) holds. In the analytic case we can apply Theorem 8.5.1. of [Hor90] , which yields 
eq. (43) and completes the proof. □ 


In the proof of Lemma 3.3 we will make use of the following polarization identity for totally 
symmetric multilinear maps. 

Lemma C.l. Let E and F be M-vector spaces and T : -G F a totally symmetric multilinear 

map. If we denote the restriction to the diagonal by i{v) := T{v,... ,v), for v G E, there holds 
the polarization identity 


1 




k=l 


.J,\J\=k \ieJ 


(137) 


where the J are subsets of {1, 2,..., n} and | J| denotes the number of elements of J . 

Proof. A nice proof can be found e.g. in |Thol4| . □ 

This leads to a slight generalization of Lemma 5.1.2. in Kri99| . 

Lemma C.2. Any symmetric -tensor T is uniquely determined by its values T{e, ... ,e) for 
all timelike vectors e with = 1. Similarly, T is uniquely determined by its values 

r(,..., /) for all spacelike vectors f with = — 1 . 
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Proof. We give the proof for the timelike case. The spacelike case is proven analogously. Let T 
and S be two symmetric -tensors which coincide on the diagonal for all timelike unit vectors, 
i.e. T(e,..., e) = S{e,... ,e) for all e with = 1. Let now u be a timelike vector. Denoting the 
normalized vector hy v = we have 

r(n,...,u) = r(tJ,... ,u) = S{v,...,v) = S{v,...,v) (138) 

Now, for any arbitrary vector w we can find a 5 > 0 such that v + tw is timelike as long as 
t G [—(5, (5], since V+ U V- is an open set. This implies that T and S coincide on the diagonal for 
any vector w, since 


, I 


T{v + tw,... ,v + tw) 


t=o 


nl dt^ 


S{v + tw,... ,v + tw) = S{w,..., w). 


i=0 


(139) 

Hence, by Lemma C.l , T and S coincide on any vectors and thus T = S. □ 

Proof of Lemma 3.6 By eq. (37), the Fourier transform of tU /3 G 5'(M'^) is given by 

1 iE{p) 


^f3{p) = 


(140) 


2tt 1 — e 

where E G 5^(M^) denotes the commutator distribution. In view of the time-clustering property 


of eq. ( 21 ), this is equivalent to 


e^^tu^(-p) = tu/3(p). 


(141) 


Thus, defining 


= {y G : e^Pft^(-p) G 5'(M")}, 


we have 0 G T^ and (3 G T^. Since the set T^ is convex [SWOP Thm. 2-5] this implies A/3 G T^ 
for all A G [0,1], or equivalently 

e°''^^tU/3(—p) G 5'(M'^), VfTG[0,/3]. (142) 

Applying Theorem 7.4.2 in Hor90] , one obtains that the function defined by 

Fii{z + iae) := J'[e°'®^tUq(—p)](2:) VzGM^,(tG (0,/3), 

fulfills properties (/) and {ii) above. In particular we have F{ » + icroe) G 5'(M^) for every fixed 
(To G (0,/3). Since the Fourier transform F ■. S' ^ S' \s weakly continuous and 


e'^^Pivi3{-p) -^ ivfsi-p) 


cr—>•0+ 


(143) 


in the weak sense, we find 


Fi3{z + iae) = F[e'"''PtVf3{-p)] -^ J'[tU/ 3 (-p)] = tt)/ 3 ( 2 :). 


(7^0 + 


(144) 


Now consider the function Gi 3 {z + ipe) := F^{z -)- i(/3 — p)e), which is also holomorphic on T/s- 
Then analogous arguments as for F]g, together with (141) yield 

Gf 3 {z + ipe) = p)] 


> F[e>^Pnipi-p)] = Fiiopip)] = tt)/3(-z), 


ri^0+ 


which completes the proof. 


(145) 

□ 


28 





















References 


[ABDM09] 

[Bah06] 

[BB94] 

[BB96] 

[BDH13] 

[BF09] 

[BOR02] 

[BR97] 

[BS13] 

[Buc03] 

[CVJ03] 

[DHPll] 

[Dix78] 

[Emcl4] 

[FL14] 

[FV03] 


A. Anisimov, W. Buchmiiller, M. Drewes, and S. Mendizabal, Nonequilibrium dy¬ 
namics of scalar fields in a thermal bath, Annals Phys. 324 (2009), 1234-1260. 

B. Bahr, The hot bang state of massless fermions, Lett. Math. Phys. 78 (2006), 
39-54. 

J. Bros and D. Buchholz, Towards a relativistic KMS condition, Nucl.Phys. B429 
(1994), 291-318. 

_, Axiomatic analyticity properties and representations of particles in thermal 

quantum field theory, Annales Poincare Phys.Theor. 64 (1996), 495-522. 

M. Benini, C. Dappiaggi, and T.-P. Hack, Quantum field theory on curved back¬ 
grounds - A primer, Int.J.Mod.Phys. A28 (2013), 1330023. 

R. Brunetti and K. Fredenhagen, Quantum field theory on curved backgrounds, Lect. 
Notes Phys. 786 (2009), 129. 

D. Buchholz, I. Ojima, and H. Roos, Thermodynamic properties of non-equilibrium 
states in quantum field theory, Annals Phys. 297 (2002), 219-242. 

O. Bratteli and D.W. Robinson, Operator Algebras and Quantum Statistical Me¬ 
chanics 2, Second Edition, Springer, 1997. 

D. Buchholz and C. Solveen, Unruh effect and the concept of temperature. 
Class.Quant.Grav. 30 (2013), 085011. 

D. Buchholz, On hot hangs and the arrow of time in relativistic quantum field theory, 
Commun.Math.Phys. 237 (2003), 271-288. 

J. Casas-Vasquez and D. Jou, Temperature in non-equilibrium states: A review of 
open problems and current proposals, Rep. Prog. Phys. 66 (2003), 1937. 

C. Dappiaggi, T.-P. Hack, and N. Pinamonti, Approximate KMS states for scalar and 
spinor fields in Friedmann-Robertson-Walker spacetimes, Annales Henri Poincare 12 
(2011), 1449-1489. 

W.G. Dixon, Special Relativity, Cambridge University Press, 1978. 

G.G. Emch, Algebraic Methods in Statistical Mechanics and Quantum Field Theory, 
digitalized edition, Dover Publications, 2014. 

K. Fredenhagen and F. Lindner, Construction of KMS states in perturbative QFT 
and renormalized Hamiltonian dynamics, Commun.Math.Phys. 332 (2014), no. 3, 
895-932. 

C.J. Fewster and R. Verch, Stability of quantum systems at three scales: Passivity, 
quantum weak energy inequalities and the microlocal spectrum condition, Commun. 
Math. Phys. 240 (2003), 329-375. 


29 



[Haa92] 

[HHW67] 

[HK12] 

[Hor90] 

[HWOl] 

[HW02] 

[Kri99] 

[Rad96] 

[RueOO] 

[SollO] 

[S 0 II 2 ] 

[SV08] 

[SVW02] 

[SWOO] 

[Thol4] 

[Verl2] 

[Wal94] 


R. Haag, Local Quantum Physics, Springer, 1992. 

R. Haag, N.M. Hugenholtz, and M. Winnink, On the equilibrium states in quantum 
statistical mechanics, Commun.Math.Phys. 5 (1967), 215-236. 

S. Hollands and C. Kopper, The operator product expansion converges in perturbative 
field theory, Commun. Math. Phys. 313 (2012), 257-290. 

L. Hormander, The Analysis of Linear Partial Differential Operators I, 2nd edition. 
Springer, 1990. 

S. Hollands and R.M. Wald, Local Wick polynomials and time ordered products of 
quantum fields in curved space-time, Commun. Math. Phys. 223 (2001), 289-326. 

_, Existence of local covariant time ordered products of quantum fields in 

curved space-time, Commun. Math. Phys. 231 (2002), 309-345. 

M. Kriele, Space-Time: Foundations of General Relativity and Differential Geome¬ 
try, Lect.Notes Phys. M59 (1999), 1-432. 

M. J. Radzikowski, Micro-local approach to the Hadamard condition in quantum field 
theory on curved space-time, Commun. Math. Phys. 179 (1996), 529-553. 

D. Ruelle, Natural nonequilibrium states in quantum statistical mechanics, J. Stat. 
Phys. 98 (2000), 57-75. 

C. Solveen, Local thermal equilibrium in quantum field theory on flat and curved 
spacetimes. Class.Quant.Grav. 27 (2010), 235002. 

_, Local thermal equilibrium and KMS states in curved spacetime. 

Class.Quant.Grav. 29 (2012), 245015. 

J. Schlemmer and R. Verch, Local thermal equilibrium States and quantum energy 
inequalities, Annales Henri Poincare 9 (2008), 945-978. 

A. Strohmaier, R. Verch, and M. Wollenberg, Microlocal analysis of quantum 
fields on curved space-times: Analytic wavefront sets and Reeh-Schlieder theorems, 
J.Math.Phys. 43 (2002), 5514-5530. 

R.F. Streater and A.S. Wightman, PGT, Spin and Statistics, and all that, Princeton 
University Press, 2000. 

E. G. Thomas, A polarization identity for multilinear maps, Indagationes Mathemat- 
icae 25 (2014), no. 03, 468-474. 

R. Verch, Local covariance, renormalization ambiguity, and local thermal equilibrium 
in cosmology, in ’’Quantum Field Theory and Gravity”, F. Finster et ah (eds.), 
Birkhauser (2012), 229-256. 

R. M. Wald, Quantum Field Theory in Gurved Spacetime and Black Hole Thermo¬ 
dynamics, The University Of Ghicago Press, 1994. 


30 



